In other words, ??: Xxl^-B can be lifted to a map XxI->E whose initial position is vertically homotopic to £'. This condition is equivalent to saying that p.E^-B has the covering homotopy property (with respect to %) for all homotopies r¡: Xx T-s-B which are "constant" on Xx [0, \], that is, for which r,(x, t) = n(x, 0) when 0 á / á |. TT is a vertical homotopy, that is pH(y, t) = r¡(y) whenever jief.
Hence we see that given In this paper, we shall be constructing an infinite sequence of maps {Mn: nXx(IxQX)n^F} where F-+E-+ A" is a quasifibering and Jfis a countable CW-complex. Then £iX has the homotopy type of a countable CW-complex, but is not one itself in general. Hence we shall modify Sugawara's definition so that it be applicable to the spaces we consider. 77zen p:E^ X has the WACHEP for (K, L).
For the proof see the appendix.
We now give our modified definition of an /-bundle: 3.6 Definition. A principal /"-bundle is a (almost) locally trivial principal quasifibering /-> E-> X, i.e.
(LT) for every xe X and neighborhood W of x there is a neighborhood U(x) with x g U(x)c 1^and a local cross section s: U-^E (ps = id) such that the principal map tu:UxH-+p-\U), Mx,h)= s(x)h is a homotopy equivalence with homotopy inverse <pv: p 1(U) -*■ U x H a principal map (TT acts on the second factor of Ux TT). We assume p-\U) -??-+ UxH K A U is a commutative diagram where pi is projection on the first factor. We assume also that ifijj ° «p^id and«^ ° cpv~id, both homotopies being principal homotopies (see 2.2). 4 . Strongly homotopy multiplicative maps and induced maps on classifying spaces. 4.1 Definition of n-homotopy multiplicative maps of H-spaces, and relevant notation.
Notation.
The following notation will be useful in dealing with «-homotopy multiplicative maps.
Let X be an TT-space. Let /= [0, a] be an interval. For each integer n ^ 0 define Xn = Xx(JxX)n.
Define the maps t¡: Xn^J, Xi'. Xn-+ X, 8¡: Xn-> Xn.i, (a,ß): Xn^ Xß_a (a^ß) as follows:
If w = (x0, r" Xt,..., tn, xn) £ Xn, let tt(co) = u (láíá «), x¡(íu) = x¡ (0 ^ i' fí n), Oj(üj) = (Xo, fi, . . ., fj-i, X,_iX¡, íj + !,..., tn, Xn), <"(<*, ß) = («, £)(<") = (xa, ta + i,...,tß, xß).
Definition. Let Y and Z be TT-spaces. Let « be a positive integer or +oo. An n-homotopy multiplicative (rc-HM) map from Y to Z is a sequence of maps {M0, Mi,..., Mn} and each M¡: Yn-*■ Z(i =» 0,, »., ») satisfies Theorem (Clark [3] ). Let 77, K, and L be H-spaces. Let {M0,..., Mn} be an n-HM map from H to K and {N0,..., Nn} be an n-HM map from K to L.
Then there is an n-HM map {P0,.. .,Pn}from 77 to L. where Then using this result, given {M0,..., Mn} and {N0,..., Nn}, we define the composition {N0,..., Nn}{M0,..., Mn} to be the map {P0,.. .,/"}.
Fuchs [17] points out that composition of n-HM maps is not associative. However, by introducing the interval J instead of the unit interval, we now have that the composition is associative. This is analogous, of course, to choosing the associative Moore loop space, where a loop can have any length, rather than the nonassociative loop space where loops have length 1.
In order to define homotopies between «-HM maps, which can have different lengths, we first normalize h-HM maps in the following way: We can now define homotopies between n-HM maps.
4.3.2 Definition. Let 77and Kbe 77-spaces. Let {M0,..., Mn} be an n-HM map from 77 to K, and also let {A^o,.. •, Nn} be an n-HM map from 77 to K. Then {M0,..., Mn} and {N0,..., Nn} are homotopic if there is a sequence of maps {h0,..., hn), n¡: 7x 77(7x 77)' -*■ K satisfying, for t0el,we Hx(IxH)\ hlt0, to) = Mico) if t0 = 0, = Ni(co) if t0 = 1, and also satisfying, for each t0 £ I, the requirement that {h0(t0), ■ ■., hn(t0)} is an n-HM map from TT to K, where /¡¡(f0): Hx(Ix TT)' -> K is defined by hi(t0)(cS) = h¡(t0, «0 when t0e I, eu e TT x (T x TT)'. We shall from now on assume that any SHM map is already normalized, that is, J is chosen to be the unit interval. To give one more example, if n = 2, We now proceed to the essential step in the classification theorem:
5. The SHM map CÎX-+ F for a principal quasifibering F-*E-*-X. We shall construct a SHM map {M0,..., Mn,...} from OI to F using certain maps {770, H1,..., Hn,...}; the maps {770, 77j,..., 77n,...} will be emphasized since they play an important role in the classification theorem. Throughout §5, F-> E ->■ A' is a fixed principal quasifibering with X a countable CW-complex.
We first construct 770. 
and \co(i, n)\ ^ s-\co\ ^ |a>|.
Equations (2) guarantee that £'n is well defined. Construct a homotopy >>":/>£, ~ ■>? I-Kx(0) uLx/as follows:
(Equations (4) . Classification of principal F-bundles. In this section we will show how the maps {M0, M,,..., M" ...} and {770, Hlt..., 77,,...} used in constructing a SHM map from Q.X to F for a principal /"-bundle F->E-> X can be used to classify the fibering.
Before carrying this out, it should be pointed out that Stasheff [12] has proved a classification theorem for fiber spaces T7->-E-> X (F is the fiber over the base point of X, not an 7/-space) in terms of A "-actions of O.B on /. The fiber spaces are classified up to fiber homotopy equivalence. Some of the techniques in this classification theorem are the same as Stasheff's. Stasheff defines, for an associative 77-space Y, an A "-action of Y on a space / to be a collection of maps {0,:(Tx7)'-1x
YxF-+F} such that 9¿y«it1,y1,...,ti-i,yi-uf)
He then defines, for a fiber space p: E-> X, a transport to be an ^"-action {0,} of QB on F (the fiber over the base point of X) such that for each A g Q.B, 6¡(X, ) : F ->-F is a homotopy equivalence. Stasheff proves Theorem A. Given a fiber space E -> X, there is a transport (constructed in a nontrivial way). Given a transport, there is a corresponding fiber space (Ee -»■ X).
Given a fibre space F->E->X, there is an associated principal fiber space 77(/) -> Prin E -> X where 7?=Prin 7s = {<?>: F-^-p~1(x) \ cp is a homotopy equivalence} and H(F) = {cp: jF->■ F \ cp is a homotopy equivalence}. We construct a SHM map {M0,..., Mt,...} from QATo 77(/). We shall see that this classifies Prin £->-X. Stasheff could obtain his transport by defining
this would classify E -> X. In fact, this point of view can be used to show that there is a one-to-one correspondence between the set of equivalence classes of fiber spaces and their associated principal fibrations. An alternate approach appears in §7. 6.1 77ze induced fibering. Given a classifying map A'-> BF one does not directly take an "induced" fibering. In general one does not take an induced quasifibration and it is not known if one could in this special case. So instead one considers A-> BF as a map Bnx -> BF which corresponds to a SHM map OA-> /.
In §5, we showed how to construct the SHM map {M0, Mu ..., M,,...} from Ü.X to / for a given principal /"-quasifibering F-> E -*■ X. We will now show how to construct a principal /"-bundle F-> EM ->■ X when given a SHM map {M0, Mlt...,M"...} from QXto /". (4) . Now given a SHM map {M0, Mu ..., Mn,...} from CÏX to F we will form a space EM so that EM is the union of an increasing sequence E0<=Ei<= ■ ■ ■ <=En^ • • ■ where each En is an identification space (QX)nxR+ xF/~ so that if q(oe, s,f) is the class in En, the qn's satisfy the same equations as do the TT"'s.
6.2 The construction ofF->EM -> X. Suppose Xis a countable CW-space (with base point *) and F is an (associative) countable CW TT-space and that {M0, Mi,..., Mu ...} is a SHM map from QA'to F. Define E0 = Fandp0: E0 -*■ X to be the projection of F onto the base point of X. Define Ex to be the identification space from ÜIx R+ x F by identifying (A0, s,f) with/ ifs = 0,
We will write the equivalence class represented by (A0, s,f) as q(X0, s,f). Define
Pi : Ei -> X by p(q(X0,s,f)) = X0(s) ifOgig |Ao|, = * if |Ao| <¡ s.
In general, for n^ 1, En + 1 is the identification space formed from Define pn + j : En + ±(X) -> X by
We may consider Eo^Ei<=-■ ■ ■ c£,c .... Let EM be the union of the En (with the limit topology) and let p : EM -> X be the union of the pn.
6.3 Theorem. F -> EM -> X is an F-bundle.
We show " local triviality ". For x e X, choose an open cell U(x) in S. Let (to, s,f) e (Q.X)n x R+ x F so that pq(w, s,f) = x. Thus A0(cü)-• • A"(o.)(s) = x. Now let y e U(x). Let d(x, y) be the distance from x to y in the cell U(x). Let r,y be the path in U(x) starting at x and ending at y in time d(x, y), along the line from x to y in U(x).
What we do is replace the loop in which x lies by a loop which takes a deviation to y, then back to x again, and then continues along itself as before. More precisely, if 0^5^ |An(cu)|, lety'=n. If s>|oj|, let7= -1. Otherwise, choose 7 so that \w(j+l,n)\^sè\<o(j,n)\. Case 1. y'# -1. Define a loop yX¡ with length |Ay| +2d(x, y) by
where u = s -w(j+ 1, n).
Case 2. j= -1. Let yX_1 be the loop defined by
where co represents co = (A0(o/), tu ..., tn, An(cu)) with A; replaced by yA;.
Then s gives the desired local cross section, and we have the map 93[7:/7"1(i/) -> UxFgiven by
One checks directly that the homotopies involved are principal. We now state one form of the main theorem of this section:
6.4 Theorem. Let X be a countable CW-space and F a countable connected CW H-space. The equivalence classes of principal F-bundles over X are in one-to-one correspondence with (SHM) homotopy classes of SHM maps from Q.X to F. The correspondence is given by constructing the SHM map {M0, Mi,.. ., A/,,.. .} from Q.X to F when given a principal F-bundle / -> E-+ X as in §5.
The proof will follow the next several theorems. To show the correspondence is well defined, we prove Having shown that correspondence from equivalence classes of /-bundles over X to (SHM) homotopy classes of SHM maps from QA" to / is well defined, we show that the correspondence is onto:
6.6 Theorem. Suppose X is a CW-space and F is an associative CW H-space. Suppose M= {M0, Mr,..., M¡,...} is a SHM map from Q.X to F. Let F ->-EM -> X be the principal In the preceding three theorems, X and F are assumed, as usual, to be countable CW-complexes, and F is assumed to be connected. [January Proof of 6.8. Recall that elements of EMi are written in the form q(w, s,f) where to e (ciX)n for some n, se R +, fe F. We will now write these elements as q\co, s,f). Similarly, elements in EM* are written in the form q2(co, s,f) where to g (QA)n for some n, s e R + , andfe F. Recall that because of the identifications in EMi, q(w, s,f)=f-Mn(co) if co e (£lX)n, s= |to|, andfe F.
Since A/1 and A72 are (SHM) homotopic, there is a sequence of maps {h0, hu ..., hn,...} where hn: Ix(QX)n -> / is such that nn(0, to) = Af¿(to), n"(l, cu) = A72(oj), and for each t0el, the sequence hn(t0, ): (OA)n -> F forms a SHM from DA" to F.
Recall that EMi is the union of an increasing sequence 
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The inductive argument is almost identical to that used before, ft is defined for values s = 0, s=|cu|, r¡(«/) e ¿XT""1), and t0 = 0 by the above equations, ft, as a function of s, has projection homotopic to A0(cu)-• ■ An(cu)(s). Then a map r¡: Ix(ÇlX)n_i xR+ -> X is defined. By normalizing, using the WACHEP, and returning to variable lengths, ft is extended to ft.
Having thus defined {ft, ft,..., ft,...} the maps gn: E^1 -> FM2 are defined for all n, and gn + x is an extension of g" for all n. gn is defined by To finish the proof, one can show, using the same type of arguments, that gg' and g'g are homotopic to the identity mappings, the homotopies being principal homotopies lying over the identity.
Proof of 6.9. Recall that the SHM map M={M0, Mu ..., Mh ...} from Q.X to to F was defined in terms of maps {TT0, TTa,..., Hh ...} where TT¡: (CíX)i x T?+ -> F and also that given the SHM map M = {M0, Mu ..., M{,...} from Q.X to F, the identification space EM was formed so that representative elements q(co, s,f) satisfy the same kind of equations that the TT¡(oj, s)-/satisfy (see 6.2 and 5.1).
Thus we have a principal map g:Eu-^E, where g(q(co, s,f)) = Hn(o>, s) •/ if w s (£lX)n, seR + ,feF.
Since pHn(co,s) = X0(co)---Xn(w)(s) if coe(Q.X)n, s e R+ and pq(co,s) = X0(co)-■ ■ X"(co)(s), we see that g does not lie over the identity mapping of X, but lies over a map that is homotopic to the identity mapping. If F-+E-+ A-and F-> EM -+ A'were principal F-bundles in the original sense of Dold and Lashof, we could finish the proof by merely quoting 5.2 and 5.3 [5] . Then £' has an extension to a map f and/>£~7/. Furthermore, we may assume
The lifting i may be chosen by covering the path r,(t) with neighborhoods over which we may take coverings lying over the segments of r,(t) in the neighborhoods. Since we do not have transition functions, we cannot patch together the liftings over each neighborhood. However, by choosing points in the intersections of the neighborhoods, and since the fiber is connected, we can patch together these partial liftings by running along the fibers.
Since/¿: 7r0(/?f x(x0)) -*■ rr0(p21(f1(x0))) is an isomorphism, ftl) can be assumed to be/^ji) for some yx e E1. (At least it is connected to/1^) by a path in the fiber.) Then we define f: pô\x0) -> F1 by f(y)= y1-i(y). We have a homotopy commutative diagram and by the ACHEP, we can extend ft to a map d: VxI->E2 andpd~r¡.
It is now easy to finish the proof, using exactly the arguments on p. 299. Now we restate the classification theorem as follows :
6.10 Theorem. Let X be a countable CW-space and let F be a countable CW H-space (associative). There is a one-to-one correspondence between equivalence classes of principal F-bundles over X and homotopy classes of maps from X to Ti"(F).
Proof. We have just proved that there is a one-to-one correspondence between equivalence classes of principal F-bundles over X with fiber Fand SHM homotopy classes of SHM classes of maps from Q.X to F.
But there is a one-to-one correspondence between SHM homotopy classes of maps from (LÏX) to (/), and homotopy classes of maps from Boe(U.X) to BX(F). Since B0O(£iX)~X, we have finished.
7. Classifying fiber homotopy equivalence. Dold and Lashof [5, §7 in particular] have shown how to classify fiber bundles with respect to homotopy equivalence in terms of principal fiberings. Briefly, let F-+ E\ X and /->£'% X' be fiber bundles. (Here a fiber bundle is taken in the sense of Steenrod [14] but not necessarily with structure group.) A fiberwise map is admissible if for every x e X,fx:p~l(x) -+p'~x(f(x)) is a homotopy equivalence where fx is / restricted to the fiber p'(x) over x. A homotopy d: ExI-^E' is admissible if dt is admissible for each tel (dt(y) = d(y, t)). Now let A = A". A fiber homotopy equivalence between E -» X and £" -> X is a pair of admissible maps >E' >E such thatj/f~~id and/"/~ id, both homotopies being admissible homotopies leaving the base space fixed. Now let /->-7s A-X be a fiber bundle (in the above sense) with locally compact fiber /. Let 77 be the space of all homotopy equivalences from F to F (compactopen topology). Composition of maps forms a multiplication turning 77 into an associative 77-space. Let 7s be the set of all continuous mappings cp-.F-^-E (compact-open topology) such that cp(F) is contained in some fiber p_1(x) and cp: F^-p'\x) is a homotopy equivalence. 77->E^ A' is a principal 77-bundle. pcp=pcp(F). 77->-7s A-X is the principal 77-bundle associated to the fiber bundle F-+EUB. Let LF(X) be the fiber homotopy equivalence of fiber spaces p: E-> X with fibers of the homotype of/. Here fiber space is in the sense of [12, Definition 2.1]. That is, we are not assuming any local triviality, and homotopies may be vertically lifted. Then Stasheff (Classification Theorem 1) has proved LF(X) = X, B(H(F)).
Using this and our classification theorem, we see that there is a one-to-one correspondence between equivalence classes of principal 77(/)-bundles (in the modified sense) and fiber homotopy equivalences of fiber spaces over X with fiber /.
8. n-equivalence and the homotopy type of Bn(X).
8.1
The homotopy equivalence of X and 77 " (Q.X). e Í1B, and Ñn(x0, tlt...., t", xn) e AF covering Nn(x0, tu ..., tn, xn). Then using the contractibility of AF, Á\(x0, tu ..., tn, xn) is defined for all (r1;..., tn) e In and hence Nn(x0, tx,..., tn, xn) is also defined. This type of argument could be used to prove 8.2.1. That is, one could construct Ñt(x0, ..., U, xt) e AE¡(X) covering Aj(x0, ?!,..., tt, Xj) for values of (rl5..., tt)e dl\ and then using the fact that Et(X) is contractible in Fi + 1(A"), extend Ñt to be defined for all values of (tu ..., tn). However, it is possible to define {NQ, Nu ..., Nn-i} directly, which is done here. We will call the above equation (1) . [January Let v¡: (Tx X¡ x I, Tx Xx x 81) -> (Bn(X), *) be given by (2) vfjo, co, s) = Ni(co, s) (= Nfco, s) normalized).
Also assume K¡: (Tx X¡ x I, Ix X¡ x 81) -> (Bt(X), *) is a homotopy between pi/jâ nd vt satisfying V¡(t0, ta, s, u) = Vi_i(t0, 8j(co), s, u) if t,(co) = 0, 
